RESTRICTIONS ON HILBERT COEFFICIENTS GIVE THE
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ABSTRACT. In this paper, we prove that for a prime ideal P of dimension r
inside a polynomial ring, if adjoining s general linear forms to the prime ideal
changes the r — s-th Hilbert coefficient by 1 and doesn’t change the Oth to
r — s — 1-th Hilbert coefficients where s < r, then the depth of S/P isn—s—1.
This criteria also tells us about possible restrictions on the generic initial ideal
of a prime ideal inside a polynomial ring.

1. INTRODUCTION

Let k be an infinite field. The famous Eisenbud-Goto conjecture claims that an
inequality holds between several numerical invariants of a homogeneous prime P in
a polynomial ring over k:

Conjecture 1.1 ([4]). Let k be an algebraically closed field, P C (z1,...,7,)? be
a homogeneous ideal in S = k[x1,...,x,], then

reg(P) < deg(S/P) — ht(P) + 1

Here deg(S/P) is the multiplicity of S/P. The conjecture is proved for many
special cases including curves and smooth surfaces but it is false in general. The first
counterexample is given by McCullough and Peeva in [9] using Rees-like algebras.
It means that the regularity can be quite large in general even when the ring is a
graded domain.

Let P be a homogeneous prime ideal of S and <=<,., be the graded reverse
lexicographic order on S, then we can talk about the generic initial ideal gin_(P)
of P. The above conjecture involves several invariants of P including multiplicity,
regularity and height, and they can all be described using generic initial ideal
in a simple way. Let J = gin_(P) and G(J) be the set of monomial minimal
generators of J. Then by Bayer and Stillman’s theorem in [I] and Eliahou and
Kervaire’s theorem in [5], we know: reg(S/P) = max{deg(u) : u € G(J)} — 1,
and depth(S/P) = n — max{i : x;jlu € G(J)} so a description of such generic
initial ideal may lead to similar inequalities of these invariants. Therefore, it makes
sense to study what are possible generic initial ideals of primes in a polynomial
ring. Although we have a description on all the possible generic initial ideals (for
instance, see [7]) of an ideal, there may be more strict restrictions on the generic
initial ideal of a homogeneous prime ideal. This paper gives such a restriction and
shows that certain monomial ideals are not the initial ideal of a homogeneous prime
ideal. Moreover, we describe the restriction using Hilbert coefficients of the ring
S/ P which leads to S/P being almost Cohen-Macaulay.
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2. PRELIMINAIRES

Before we describe the restriction on generic initial ideals of prime ideals, we
introduce some notations on polynomial rings, monomials and monomial orders.
Let S(n) = k[z1,...,z,] be a polynomial ring in n-variables, m(n) be its homoge-
neous maximal ideal. If ny < ng, there is a natural embedding 7 : S(n1) < S(n2).
If a linear form [ = cjx1 + ... + ¢z, € S(n)y satisfies ¢, # 0, then the map
7 : S(n—1) & S(n) — S(n)/1S(n) is an isomorphism. Denote the map 7; : S(n) —

n—1
S(n)/1S(n) -, S(n—1). If I = z,,, we denote 7, = 7, : S(n) - S(n—1). For
a sequence of linear forms lq,...,ls we define the map iterately:

I, ... ..omy 2 S(n) = S(n—s)

s

i

where [; is the image of I; under II;, . ;,_,. This definition does not make sense for
all sequences of linear forms; when it make sense, the x,-coefficient of /; is nonzero,
the ,,_1-coefficient of I = 71, (I2) is nonzero, and so on. The above conditions are
finitely many conditions given by the nonvanishing of certain polynomials in terms

of the coefficients of l1,...,l;. So II;, . ;, makes sense on a Zariski open set in the
space of all s linear forms. In particular they make sense for s general linear forms.
Besides, they also make sense when s = n —d and l; = x,,lo = 25_1,...,ls =

ZTp—q+1- In this case we define
II; = me_“,wnidJrl = T4d4+1Td+2---Tp : S(’I’L) — S(d)

for 1 <d < n—1. We denote II,, = idg(,). If I C S(n) is a homogeneous S(n)-ideal,
define the saturation of I to be %% = I : m(n)°°.

We recall the definition of initial ideal and generic initial ideal taken from [6]
and [7]. Let < be a monomial order on S(n). For f € S(n), we can write f as a
k-linear combination of monomials, that is, f =" ay,u,a, € k. Define the initial
of f with respect to <, denoted by in<(f), to be the largest monomial u such that
a,, # 0. The initial ideal of I is:

Definition 2.1. in.(I) = (in(f)|f € I).

Now suppose k is an infinite field. Every linear map a € GL,, (k) defines a linear
automorphism of S(n). The generic initial ideal of T is defined as follows:

Definition 2.2. There exist a Zariski open set U of GL,,(k) such that for all & € U,
in<(a(I)) is independent of «. This common initial ideal is called the generic initial
ideal of I, denoted by gin_(I) or gin([/) if the order is clear.

Throughout this paper, we will use the graded reverse lexicographic order <=<.¢,.

Definition 2.3. We say a monomial ideal J is of Borel type if for any ¢ < j, a
monomial u € J dividing «;, then there is some integer s such that zfu/z; € J.

Equivalently, this is saying J : (21,...,2;)® = J : 2%° for any i.
Proposition 2.4. For any homogeneous ideal I, gin(I) is always of Borel type.
Moreover, dim(S) — dim(S/I) = d if and only if gin(I) contains pure powers of
Z1,...,2q but not pure powers of xgy1,...,%Tn.

We also recall the definition of Hilbert coefficients taken from [3]. Let M be

a finitely generated graded S(n)-module. The function Hys : N — N, Hy(n) =
dimg (M,,) is called the Hilbert function of M and the power series hp(t) =
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SienH (i)t is called the Hilbert series. It is well known that the Hilbert se-
ries is of the form qas(t)/(1 — ¢)% with d = dim(M), qu(t) is a polynomial with
integer coefficients satisfying gps(1) # 0.

Definition 2.5. Let M be a finitely generated graded S(n)-module of dimension d
with Hilbert series qas(t)/(1 —t)?. Expand qp(t) as linear combinations of powers
oft—1:

qu(t) =eo+ei(t—1)+ea(t—1)% ...
The coefficient e; is called the i-th Hilbert coefficient of M.

Since ¢ (t) has integer coefficients, all the Hilbert coefficients are integers.

3. GENERIC INITIAL IDEAL UNDER PROJECTION AND SATURATION

For a monomial v = z'z3?...z%, we denote ¢;(u) = u/zj", that is, we
eliminate all z;’s from the factors of u. Denote ®4(u) = dgr10ds2--- On(u).
If J = (u1,...,us) is a monomial ideal in S(n) with monomial minimal gen-

erator ui,...,us, We denote ¢;(J) = (¢i(u1),...,¢i(us)) = J + ;°, ®q(J) =
(@a(u1),...,Pa(us)) = J : (Tay1.. - 20)>, Pa(J) = Tar10a41Ta120d+2 - - - Tndn(J).
Note that ®4(J) is an S(n)-ideal while ®4(.J) is an S(d) ideal, and these two ideals

are generated by the same set of monomials in S(d).

Remark 3.1. If © # j, then m¢; = ¢;m. To be precise, if J is generated by
UL, ..., Us, then me;(J) = ¢;m;(J) is generated by ¢;(ur) where uy is not divisible
by z;. Thus in the expression of ®4(J) = Tgr10d+1Tdr2Pdr2 - - - Tndn(J), We can
commute all ¢’s and 7’s if we only move 7 to the left. This implies ®4(J) =
Td41Td+2 - - TnPd+1@d+2 - - - On(J) = MaPa(J).

The following two properties shows that the generic initial ideal in reverse lexi-
cographic order behaves well under the projection map and saturation:

Proposition 3.2 ([6], Proposition 2.14). Let I be a homogeneous ideal in S(n),
be a general linear form in S(n). Then gin(m (1)) = m,(gin(I)).

Remark 3.3. Here m(I) is an ideal of S(n — 1) so the generic initial ideal is well-
defined. m,(gin(7)) is also an ideal of S(n — 1), thus this equality makes sense
because it compares two ideals in the same ring S(n — 1).

Proposition 3.4. gin(I*%) = gin(I) : 25° = gin([)***.

Proof. The first equality is proved in [6], Proposition 2.21. The second statement
is true because gin(7) is of Borel type. O

Let I be a saturated homogeneous ideal in S(n). Let [ be a linear form such
that the z,-coefficient of [ is nonzero. We call the ideal 7;(I) = (m(I))*** the
section with one hyperplane. It is a saturated ideal in S(n —1). If we have s linear
forms y,...,ls such that II;, ; is well-defined, then inductively we can define
the ideal of section with s hyperplanes: the ideal of section with one hyperplane
is Iy = 7, (I), it is an ideal in S(n — 1); let Iy be the image of Iy under 7, so
define the section with two hyperplanes Io = WE(Il)S“t, and inductively, with s
hyperplanes is Iy = m(l;-1)**. Let d = n — s, so I, is an ideal in S(d). In
algebraic geometry, we can consider the algebraic set X of P"~! corresponding
to I; the intersection of X with s hyperplanes defined by Iy,...,l; is X;. Then
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I, will be the defining ideal of X inside the linear subvariety P?"~5~! defined by
ly,...,ls. The coordinate ring of the linear subvariety is S(n)/(l1,...,ls) which can
be identified with S(n — s) = S(d).

Proposition 3.5. gin(l,) = 741 17Tare - .- mn(gin(l)).
Proof. Apply proposition and proposition inductively. O

Lemma 3.6. Let J be a monomial ideal of Borel type and 1 < d <n. Then I4(J),
®4(J) and ©y4(J) are all of Borel type.

Proof. Suppose J = (uq,...,us), then ®4(J) = (P4(u1),...,Pg(us)). Every min-
imal generator of ®4(J) is of the form ®4(uy) for some k. Choose i such that
2;|®q(ug) and choose j < i. Then i < d because ®4(uy) is only divisible by a
subset of {z1,...,z4}. In this case x;|ug. Since J is of Borel type, there exist ¢
such that atjtuk /x; is in J, so there is another minimal generator ug of J with
g | ug /2. Since j < i < d,Pg(up )| Pa(xjiur/z;) = x;'®g(ur)/z;. This means
that ®4(J) is still of Borel type. For Iz, we have II4(J) = (I1g(uq), ..., Hg(us)),
and the set of minimal generators of I1;(J) is just the set of II4(ux) = uy’s where
IT4(ug) # 0. Choose i such that z;|II4(ug) and choose j < 4. Then i < d because

IT4(ug) # 0 is only divisible by a subset of {«1,...,24}. Then we can use the same
argument as ®4(J) to prove I14(.J) is of Borel type. The last statement is true by
the previous two statements because ®; = I1;P,. O

Proposition 3.7. Let J be a saturated monomial ideal of Borel type of S(n). Then

(1) 71'd+17/1';+/2 . ;T‘;(J) = 7rd+1¢d+1 . ﬂngﬁn(J) == (I)d(J)

——

(2) Tar1Tdra - -Tn(J) = Pamar1Par1 - - Tndn(J) = ¢pa®alJ).

Proof. J is of Borel type and saturated, so J = J*% = J : 2, = ¢,(J) and
Tn(J) = Tnn(J), which means (1) is true for d = n — 1 and (2) is true for d = n.
It is obvious that (2) is true for d implies (1) for d — 1, so by induction it suffices
to show (1) for d implies (2) for d. By Lemma before we see ®4(J) is of Borel
type, so if (1) is true for d, then Tg17are .. - Tn(J) = (Tar17Tdre - - Tn(J))%% =

(®4(J))5% = ¢q®4(J), so (2) is true for d and we are done. O

4. THE MAIN THEOREM

This section describes restrictions on the generic initial ideal of a homogeneous
prime inside S(n).

Theorem 4.1. Let P be a homogeneous prime ideal in S(n) and J = in(P) be the
initial ideal of P. Assume J is of Borel type, and for some 1 < d <n —1 we have
Dy(J) =Ua(J) +u for some u € Ug(J) : m(d). Then:
(1) Either u =1, (z1,...,2q4) C J, or J is generated by J N k[x1,...,x4] and
one extra generator v.
(2) If u # 1, then the extra generator v = uxy, , for some e > 0.
(3) If u # 1, then J is generated by monomials inside k[xy,...,Tq41].

Proof. Let f € P such that in(f) is a minimal generator of J. We claim f is
an irreducible polynomial. If f is not irreducible, write f = fifs, f1, fo are not
constants. Then in(f) = in(f1)in(f2) with in(f) # in(fi) or in(fs). Since P
is prime and f € P, f; € P or fo € P, which implies in(f;) € J or in(f2) € J,
which contradicts the minimality of in(f). Let uq, ..., us,v1,...,v; be the monomial
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minimal generators of J with u; € k[z1,...,z4], v; & k[z1,...,74]. Since ®4(J) #
I14(J), one of the generator does not lie in k[z1, ..., 24|, that is, ¢ > 1 and there is
at least one v1. Then ®q(u;) = u;, Pa(v;) # vj. Pa(J) is generated by Pq(u;) = u,
and ®4(v;), and is minimally generated by u;,u. ®4(J) is also generated by wu;,u,
viewed as a monomial ideal in S(d). For any ¢, j, u; does not divide v;; but ®4(v;)
divides vj, so u; does not divide ®4(v;). But ®4(v;) € ®4(J) = (u1,...,us,u), so
Qq(vy) € (ur,...,us,u)\(u1,...,us); this forces ®q(v;) = u because u € IIy(J) :
m(d) = (u1,...,us) : m(d). Write v; = uw; for w; € k[zgy1,...,2,]. We have seen
t > 1. If t = 1 this is the second part of (1). Suppose t > 2, we claim the first
part of (1) holds. Assume v; = uww;, v9 = uws are two distinct monomials minimal
generator of J. Take fi, fo to be the elements in the reduced Grobner basis of
P satisfying in(f1) = v1,in(f2) = ve. Every monomial appearing in f1, f2 is not
in J except their initials. By the claim at the beginning of the proof, fi, fo are
irreducible. We can write fi = upi + q1, fo = ups + ¢ such that up; is the sum of
all terms appearing in f; divisible by u, and ¢; is the sum of all other terms; similar
for pa,g2. Then in(py) = wy,in(py) = we. Besides, v € (uq,...,us) : (1,...,24q),
so any other monomial m appearing in ¢; are not divisible by x1, ..., x4, otherwise
the mu divides some wu;, so it lies in J which is a contradiction. This means
p1 € klxg1,...,2,). Similarly po € k[z441,...,2,). Consider the polynomial
F = pafi — p1fo = p2g1 — p1ge- Take any term my of po and my of g;. Then my €
klxgy1,-..,xy]. Also, ma is not divisible by u; since the terms of ¢; appears in f,
and is not divisible by u by construction of g;. This means mo ¢ (u1,...,us,u) =
Sy(J) =J: (Zgg1.--24)°. So mymo ¢ J. This is true for any choice of mims.
Similarly the product of any term of p; and any term of g2 does not lie in J.
So any possible term of F' does not lie in J = in(P). But F € P, so F =0
and pafi = p1fe. Since f; is irreducible we have fi|p; or fi|fa. If fi|p: then
in(f) = v1 = wwy|wy = in(p1). This means f; and p; differ by a constant and
u=1¢€Iy(J) : m(d), so J contains (z1,...,2z4), and the first part of (1) holds.
Similarly if fo|pa, the first part of (1) also holds. If both of the above is false, then
f1 and fy differ by a constant, which means v; = in(f;) = in(f2) = va, which is
contradictory to vy # vy. Hence (1) is proved. Suppose (2) is false, and v = uw € J
where w is not a pure power of x4+1. Then z;|w for some j > d + 1. Since J is
of Borel type, there exist e > 0 such that v/ = uwxy, /z; € J. Pick a monomial
minimal generator v” dividing u'. v” does not divide v by minimality and v does

not divies v” by construction. Then v = uw,v” = vw”, w,w” € k[Tdi1,...,%n],
and w,w” does not divide each other, which is contradictory to the second part of
(1). (3) is a corollary of (1) and (2). O

Corollary 4.2. Let P be a homogeneous prime ideal in S(n) and J = gin(P) be
the initial ideal of P. Assume for some 1 < d <n —1 we have ®4(J) =14(J) +u
for some uw € y(J) : m(d). Then:
(1) FEither u =1, (z1,...,24) C J, or J is generated by J Nk[x1,...,xq] and
one extra generator v.
(2) Ifu # 1, then the extra generator v = ux§, , for some e > 0.
(3) If u # 1, then J is generated by monomials inside klx1, ..., Zq41].

Proof. The generic initial ideal of any ideal is always of Borel type. By definition
of the generic initial ideal, J = in(«(P)) for some a € GL, (k) and «(P) is still a
prime ideal in S(n), so the conclusion follows from theorem |4.1 O
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Example 4.3. The above theorem and corollary rule out some monomial ideal as
the initial ideal of a prime ideal. For example, let J = (2%, x123, v12973, 2123) C
k[z1,...,2,]. Then J is of Borel type. Let d = 1, we see ®y4(J) = (z1), Hg(J) =
(22), and 1 C (22) : (z1). However, x1 # 1 and J has a minimal generator dividing
x3. So J satisfies the condition of theorem except that it is the initial ideal of
P, and it violates the conclusion of (1), so it can not be the initial ideal or generic
initial ideal of any prime ideal.

The above result can be strengthened by replacing J with a larger ideal ®4y2(J)
using Bertini’s irreducibility theorem. First we recall the statement of the theorem:

Theorem 4.4 ([]]). Let k be an infinite field, P a homogeneous prime ideal in the
polynomial ring S, s be a positive integer, s < dim(S/P) — 2. Then for s general
linear forms ly,. .., ls, m.m._, ... 7, (P) is still a prime ideal in S/(l1,...,1s).
Corollary 4.5. Let P be a homogeneous prime ideal in S(n) and J = gin(P). As-
sume for some 1 < d < n—2 we have dim(S/P) > n—d and ®4(J) = M@y 2(J)+u
for some u € IMy®g1o(J) : m. Then:

(1) J is generated by J Nk[x1,...,24] and one extra generator v.

(2) v=wuxg,, for somev €Ily(J): m and e > 0.

(3) J is generated by monomials inside k[x1,...,Zq41].

(4) depth(S/P) =n—d—1. If moreover dim(S/P) =n—d then S/P is almost

Cohen-Macaulay.

Proof. If n = d + 2 this is just corollary so we may assume n > d + 3. We
choose s = n — d — 3 general linear forms Iy, ...,ls and let Py = w7, ... 7, (P).
If n = d+ 3 just choose P, = P. It is a prime ideal in S(n)/(l1,...,ls) =
S(d + 3) because s = n —d — 3 < dim(S/P) — 2. By proposition gin(Ps) =
Ga+3Pays(J) = Hyr3Para(J). By Bertini’s irreducibility theorem P is a prime
ideal, so gin(Ps) = Ilg43®4y2(J) satisfies the conclusion of (1)-(3), that is, it is
generated by monomials in z1,...,z4 plus an extra generator v = uzg,; where
u is a monomial in xy,...,z4. Since the generator of ®4y2(J) does not involve
Td+2; - - - Tn, the generators of Igy3Pgy0(J) C S(d+ 3) and Pgy2(J) C S(n) are
the same, and ®442(J) also satisfies (1)-(3) because these properties only depends
on monomial generators. Now we claim J also satisfies (1)-(3). If ®442(J) satis-
fies (1)-(3) but J does not, then ®412(J) # J; hence J has a minimal generator
v = wiwy where wy € klxy,...,x4+1], we € k[Tgy2,...,x,], and wy # 1. Since
J is of Borel type,there exists e > 0 such that wizj,, € J, and since w1y, ,
does not involve Tqy3, ..., Tn, Paro(W12y,4) = w15, 5 € Pgy2(J). This monomial
is divisible by another minimal generator v’ of ®442(J); write v/ = wjw) where
wy € k[xy,...,2441], wh is a power of 24,9 which is not 1. This means ®4.5(J)
has a minimal generator involving z4y2 which is contradictory to (3), so we are
done. O

5. DIFFERENCE IN THE HILBERT COEFFICIENTS

The previous section talks about restrictions on gin(P) for a prime ideal P.
However, the generic initial ideal of an ideal is hard to capture in practice as its
computation requires the information of some unknown a € GL, (k). It would be
easier to describe the restriction using Hilbert coeflicients which is totally com-
putable from the Hilbert function of the quotient ring. We want to see how the
Hilbert coefficients change after going modulo s general linear forms.
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Lemma 5.1. Let M, N be two graded modules over some polynomial ring S of
dimension r. Assume there is an exact sequence

0—>M - N—>M— My —0.

Denote dim My = r,dim My = 12, s = max{ry1,r2}. Then:
(1) r>s.

(2) (V) = ex(M) fori <7 —s.
(3) If ry =s>1q, then e,—s(N) = ep—s(M) + (—1)"%eq(M).
(4) If 1y < s=rq, then e,—s(N) = e,—s(M) — (—=1)"%eq(Ma).
(5) Ifr1 =s=rg, thene,_s(N) = e, (M)+(—1)""%eg(M1)—(—1)""%eg(Mz).

Proof. We have dim M > dim M; and dim N > dim Ms which implies (1). For the
rest statements, note that the Hilbert series is additive on short exact sequences, so
hae(t) = h (8)+har, () = o, (1) Let hag () = qar(t)/(1=1)", har, (8) = qar, (8) /(1=
)™, har, (1) = qur, (8)/(1—t)"2. Then hn (t) = gn(t)/(1—1)" where qn (t) = qur (t) +
v, () (1 —1)"""2 —qpr, (£)(1— )"~ ™. Now we expand both sides in terms of powers
of t — 1 and look at the coefficients of 1, (t — 1),..., (¢t —1)"*. O

Now let J be a monomial ideal of Borel type in S = S(n), dim(S/J) =r, and d
is an integer satisfying d > n —r. Let J; be the ideal generated by JNk[z1,...,z4]
and Jy = (I)d(J) Then J; C J C Jy with Hd(Jl) = Hd(J)

Lemma 5.2. We have:
(1) e (S/J)=ei(S)Ja) for0<i<r—n+d;
(2) e (S/J)=ei(S/Jh) for0<i<r—n+4+d-—1, and
er—n+d(S/J) = €r—n+a(S/J1)

= (_1)T_n+drankk[1d+1,..‘,In] (JQ/J].)

= (=1) " dimy, T4 (Jo) /T4 ()
which is finite.

Proof. Forany 1 <i <n—1, ®;1(J) C ®;(J) = ®i;1(J) : x77,. For any monomial
u € ®;(J)\®i11(J), by definition there is some e > 0 such that uxf, ; € ®;41(J).
Since J is of Borel type, so is ®;,1(J), so for any j < ¢, there exist some e’ > 0 such
that uz¢ € ®;41(J). This means ®;(.J)/®;11(J) is annihilated by some power of

J
(1,...,2i41), so dim(P;(J)/®;11(J)) < n—i—1. Now consider the exact sequence

0= @i(J)/®iy1(J) = S(n)/Pis1(J) = S(n)/®i(J) — 0.
By the argument above and lemma we know e;(S/®;(J)) = €;(S/P;41(J)) for
j<r—(mn—i—1)=r—n+i+1,s0e;(S/J)=¢e;(S/Pq(J)) for j <r—n+d. For
J1, by the arguement above it suffices to prove the equality if we replace J by Js.

We know S/J; and S/J; are both free k[xgi1,...,z,]-module since J; and Jy are
generated by monomials in z1,...,z4. Now for any monomial minimal generator
u of Jy satisfying u ¢ Jy, we know u € k[xq,...,x4] and there exists s > 0 such

that z3 u € J. So xju € J for all 1 <4 < d. By definition of Jy, z}'u € J; for
such i. This means that Jo C Jy : (21,...,24)°°. So J3/Jp is a free S(d)-module
of finite rank. It has dimension exactly d and eo(J2/J1) = rankg)(J2/J1) =
dimy, (I14(J2)/Tg(J1)). So apply lemma to the exact sequence 0 — Jo/J; —
S/J1 — S/Ja — 0 we know €;(S/J2) = e;(S/J1) for 0 <i <r—(n—d)—1 and
er—nt+d(S/J2) = ernta(S/J1) + (=1)" " eg(J2/ J1). 0
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Lemma 5.3. Let J be a monomial ideal of Borel type in S(n) with dim(S/J) >
n—d. Then ®4(J) = Uy(J) +u for some u € y(J) : m(d) if and only if

rankk[zdﬂywzn](Jg/Jl) = dlmk(Hd(Jg)/Hd(Jl)) =1.

Proof. Since Jy and Jy are both free k[z4y1,...,2,]-modules, their quotient is a
free k[xg+1,. .., Tn]-module of rank 1 if and only if after modulo (zg441,...,z,) the
quotient is a one dimensional k-vector space, if and only if ®4(J)/Hy(J) = k. O

Theorem 5.4. Let P be a homogeneous prime ideal in S(n), dim S(n)/P = r.
Take 1 < s <r, and let d =n — s. choose s general linear formsly,...,ls. Denote
P =m,...m (P) C S(d). Suppose e;(S/P)=¢;(S/P) for 1 <i<r—s—1 and
er—s(S/P) =er_s(S/P1) + (—1)"°, then depth(S/P) =n—d — 1.

Proof. Let J = gin(P). Denote Jq, Jo as before. Then J; = gin(P;) by proposi-
tion Now taking generic initial ideal does not change the Hilbert series, so the
Hilbert coefficients are the same, so we have ¢;(S/J) = €;(S/J;) for 1 <i<r—s—1
and e, _s(S/J) = ey—s(S/J1) + (—1)""°. Since s = n — d, by lemma we know
®y(J) = Hg(J) + u for some u € I4(J) : m(d). Now by theorem we know
depth(S/P)=n—d — 1. O

6. SIMPLE CASES AND CASE WHERE n — d = dim(S/P)

We can also talk about the generic initial ideal of a prime ideal when this prime
is very simple.

Proposition 6.1. Letn > 3 and J be a monomial ideal in S(n). Then there exists
a prime ideal P of S such that J = gin(P) for some height 1 prime if and only if
J = zf for some e > 0.

Proof. Since S(n) is a UFD, a height 1 prime is just a principle ideal generated
by an irreducible ideal f. Now for general linear change of coordinate «, in(af) =
m‘lieg(f). Conversely for any degree d, we have a polynomial z§ — nglmg. Apply
the Eisenstein criterion for the ideal (z3) we know it is irreducible, and its generic
initial monomial is just z¢. ]

Corollary 6.2. Let J = gin(P). Suppose ht(J) = 1, then J = x§ for some e > 0.

Proof. dim(S/P) = dim(S/J) =n—1. So ht(P) = 1 because S(n) is catenary and
P is a prime. The rest follows by proposition

If we assume dim(S/P) = n — d in the previous theorems we will get some
interesting results. In this case we have the following property: [

Proposition 6.3. Let dim(S/P) =n —d, J = gin(P), then:

(1) z1,...,2q9 €VJ and Tqy1,.. ., 20 & V.

(2) R =k[rqt1,-.-.,%n] is a Noether normalization of S/P and S/J.

(3) S/®4(J) is free over R and ®4(J)/J is R-torsion.

(4) deg(S/P) = deg(S/J) = rankg(S/J) = rankg(S/®4(J)) = dimg(S/P4(J)+

($d+17 Ld425 - - axn))
Now in this case, r—n+d = 0, so by lemmaand lemma Dy(J) = Tg(J)+u

if and only if deg(S/®4(J)) + 1 = deg(S(d)/Ig(J)). We can say in this case we
have exactly one more degree after applying ®4. So by theorem [4.1] we have:
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Theorem 6.4. Let P be a prime ideal in S = S(n), dim(S/P) = n—d, J = gin(P),
and J satisfies deg(S/®q(J)) + 1 = deg(S(d)/M4(J)). Then J is generated by
monomials in k[z1,...,xqy1] and xqay1 appears in the minimal generator of J.
Moreover, depth(S/P) =n—d —1 and S/P is almost Cohen-Macaulay.

Remark 6.5. This is a generalization of a lemma in Kwak’s paper [2], Theorem 5.1
where we have S(d)/I14(J) = S(d)/m(d)"*. Here r is the reduction number of
S/P.
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